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ABSTRACT: The excess free energy of small-amplitude deformations of a wet “parabolic” brush consisting
of polymer chains attached to a solid plane by one end is calculated. The brush is swollen by a good
(marginal) solvent. A generic deformation involving both compression normal to the grafting surface and
lateral shear is considered. It is shown that the free energy attains a minimum as a function of the wave
vector of the deformation, q. A shallow maximum of the scattering function S(q) is thus predicted. The
theoretical scattering functions calculated for an arbitrary orientation of the scattering vector are compared
with evanescent-wave light scattering data.

1. Introduction
Polymer chains attached by one end to a plane solid

surface or a liquid-liquid interface at sufficiently high
surface coverage are known as polymer brushes.1,2

Understanding of the equilibrium and nonequilibrium
properties of brushes is useful with regard to fine-tuning
surface properties of materials using grafted polymer
layers.

The aim of the present paper is to study theoretically
the deformation behavior of “wet” polymer brushes
swollen in a marginal solvent. The surface waves we
consider can be probed, for example, by evanescent-wave
light scattering.

The first theoretical investigation of brush deforma-
tions was performed by Fredrickson et al.3 for the case
of a molten polymer brush (i.e., without solvent). They
used the Alexander brush approximation4 and assumed
that all free chain ends lie at the free brush surface.
Using this approximation, they found that the deforma-
tion free energy per unit area of grafting surface for a
small-amplitude sinusoidal deformation with wave vec-
tor q and amplitude ε can be written as

where f(0) ) 3v2σ3N/2b2 is the free energy of the unde-
formed melt polymer brush in the Alexander approxi-
mation, γ is the surface tension of the polymer-air
interface, µ0 ) 3kBTvσ2/b2 is the shear modulus of the
brush, and h0 is the equilibrium brush height. The
second term in eq 1 describes the surface tension
contribution, and the third term accounts for the
stretching entropy in the limiting cases of low and high
q’s; N is the number of segments per grafted chain, b is
the statistical segment length, and σ is the brush
surface density (number of attached chains per unit
area). The segmental volume v is used as a volume unit

and kBT as the energy unit. In the following, the
notation a ) b/x6 is used.

A later analysis of Xi and Milner5 showed that the
term (2qh0) in eq 1 is an artifact of the Alexander
approximation. Xi and Milner5 allowed for an arbitrary
distribution of free ends inside the brush. They also
allowed the chain trajectories to be curved: they intro-
duced an additional function which describes deviations
of polymer chain trajectories from straight lines. It was
also assumed5 that the chain paths do not intersect each
other; this assumption is not used in the present paper
(see section 2.2). For the stretching deformation energy
of the molten brush (without the surface tension con-
tribution), Xi and Milner obtained

which differs slightly from eq 1 in the limit of small q’s
(a coefficient of 1.675 instead of 1.5). Here F0 is the
undeformed free energy per unit area of the parabolic
molten brush; F0 ) π2Nσ3v2/(8b2), which is smaller by a
factor 12/π2 than that of the “step-function brush”.

The theory of brush deformations is generalized in
the present paper along the following lines: (i) all
assumptions about the chain trajectories are lifted, (ii)
we allow for an arbitrary orientation of the deformation
wave vector, and (iii) the effect of good solvent is
considered. In the next section, we calculate the excess
free energy for a small sinusoidal brush deformation.
The correlation function of the concentration fluctua-
tions is calculated as well. We consider simultaneous
shear deformation modes (displacements parallel to the
layer) and breathing modes (normal displacements) in
the general case, i.e., for an arbitrary orientation of the
scattering wave vector. The predictions are then com-
pared with experimental results in section 3.

2. Free Energy Calculations

2.1. Equilibrium Brush. The free energy of an
equilibrium brush consists of two main terms:2 the chain
stretching energy Fel and the osmotic energy Fosm due
to excluded-volume interactions of monomers
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where rn is the position of the nth monomer (n ) 0
corresponds to the beginning of the chain at the solid
wall and n ) N to its end), φ0(r) is the equilibrium
monomer density, and w is the monomer interaction
parameter which is equal to the monomer excluded
volume in the athermal case.

The elastic free energy given by the first term on the
right-hand side (rhs) of eq 3 is valid for strongly
stretched brushes when the elastic energy per grafted
chain is much larger than kBT. The second term in the
rhs represents a mean-field approximation for the
osmotic free energy, which is accurate if the solvent
is marginal, i.e. if w/(b6φ0) < 1, where φ0 is the
characteristic monomer concentration (see Grosberg and
Khokhlov6). The mean-field approximation implies that
each monomer is influenced by an average molecular
potential U which is proportional to the local monomer
concentration. It has been shown2,7 that the effective
molecular field, U(r), inside the brush must have a
simple quadratic form

where z is the height (the distance from the grafting
surface),

and A0 is determined by the boundary conditions; the
subscript zero is used to denote an equilibrium value.
The parabolic field is the only self-consistent solution;
a different field can not be consistent with the fact that
the free ends are distributed inside the brush. The
parabolic molecular field is valid for a polymer brush
in both the melt and the solution. In the solution case,
the molecular potential is related to the monomer
density, U(r) ) wφ0(r). The monomer concentration at
the brush edge must vanish: φ(h0) ) U(h0)/w ) 0, so
we have A0 ) Bh0

2. Minimizing the total free energy F
(eq 3) with respect to the brush height, h0, we obtain:

where F0 is the equilibrium brush free energy per unit
area.

2.2. Deformed Brush: Elastic Free Energy. To
calculate the free energy of a deformed brush, we first
consider the brush in a small external potential ε(r)
which we define as potential energy of a monomer at
position r. For simplicity, we assume that the field is
uniform along the y-axis (the x-axis is parallel and the
z-axis is perpendicular to the grafting surface). Thus,
the problem is essentially two-dimensional. The total
field is then the sum of the external field ε(r) and the
molecular field umol ) wφ(r). The total field Utot ) wφ
+ ε should be parabolic as in the case of the equilibrium

brush (eq 4) for the same reason: Utot ) A(x) - Bz2

where A(z) is an arbitrary function slightly different
from A0. A small field produces a small density varia-
tion; hence, we can represent the total density as a sum
of the equilibrium density φ0(z) ) 1/w(A0 - Bz2) (see the
previous section) plus a small increment: φ(r) ) φ0(z)
+ δφ(r). Thus, the total field variation u(r) ≡ Utot(r) -
U0(r) does not depend on z:

The remaining problem is to calculate the single-chain
response to the perturbation field u(x). The force balance
equation for the nth monomer is

or in the continuous limit for the x-projection,

The boundary conditions imply that the first chain
monomer is attached to the solid at point (0, x0) and
the last (Nth) monomer is free so that the chain tension
must vanish there (see Figure 1).

The solution of this equation for a small field u(x) is
x ) x0 + ∆(x, n) ) x0 + a2(∂u/∂x)[(n - N)2 - N2], where
∆(x, n) is the displacement of the nth monomer with
coordinate x in the x-direction and the derivative ∂u/∂x
must be calculated at z ) x0. To calculate the integral
density change δΦ(x) ) ∫0

h
φ(x, z) dz, we first consider

the equilibrium density of monomers with number n,
Φ0(n), which is obviously equal to the grafting density
Φ0(n) ) σ. Thus the continuity equation for these
monomers is

where δΦ(x, n) is the density change due to displace-

Figure 1. Schematic picture of a deformed polymer brush.
The lines show the chain trajectories, and the density of dots
on each line shows the degree of chain stretching, e.g., low
density means high stretching. Note that for simplicity not
all polymer chains are shown but only those with free ends
near the free surface (brush edge) and near the midplane
(halfway from the grafting plane to the brush edge).
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ment of the nth monomers and u′′(x) means the second
derivative along the x-direction. To determine the total
density change δΦ(x), we integrate eq 8 over n and
substitute eq 6 for h0:

On the other hand, eq 7 implies that

where E(x) ) (1/h0)∫0
h0 ε(x, z) dz is the external field

averaged over z. Thus, we arrive at the following
equation for the total field change:

In the case of a harmonic external field ε(r) ) εεiqr,
where ε is a small amplitude, we get E(x) ) iεeiqxx/h0qz)-
(1 - eiqzh0). Thus,

and the density fluctuation

To calculate the average density fluctuation in a brush
(without external field), we use the fluctuation-dis-
sipation theorem,8 which relates the density fluctuations
to the susceptibility:

where the susceptibility øc(k, k′) is the proportionality
coefficient between the density variation and the con-
jugate external field:9

Equation 10 can be transformed using

to the simple relation (for k ) q)

so that øc(q, q)) -δφ(q)/ε. Taking the Fourier trans-
formation of eq 9, we get

and L is the brush size in the x-direction. So, the
susceptibility is

The real external field ε′(r)) R(εeiqr) ) ε cos qr produces
a density fluctuation

The elastic free energy (due to chain stretching) is minus
one half of the energy in the external field:

2.3. Gradient Term. We should take into account
another contribution to the deformation free energy of
the brush in a good solvent related to its surface
distortion: The monomer density of the deformed brush
is strongly inhomogeneous near the edge where the
density itself tends to zero, and the relative gradient
∇φ/φ is high in this region, giving rise to an additional
entropic contribution to the free energy. This contribu-
tion is approximately given by the standard square-
gradient term, Fgr, accounting well for short-scale
inhomogeneities:

where Fel + Fosm stands for the rhs of eq 3. The gradient
free energy is9,10

Here, h(x) is the “local” brush height above point x on
the grafting plane; the monomer density, eq 11, tends
to zero at z ) h(x). Note that the local degree of chain
stretching is also small near the free surface z ) h(x).
However, the monomer density gradient ∇φ attains its
maximum in this region in the deformed brush. There-
fore, the gradient free energy is dominant in the region
near the free surface.

Equation 13 and the density profile eq 11 formally
produce a logarithmic singularity near the free surface
where the density tends to zero. Note however that eq
11 can be applied only in the “classical” region where
the chains are strongly stretched. Hence, this equation
is valid in the region 0 < z < h - ê, where ê is the
thickness of the so-called interpenetration layer.11 It can
be estimated using this condition that the chain termi-
nal fragments are not stretched in the interpenetration
region, and so, their Gaussian size is ê ∼ ag1/2, where g

δφ(q) ) -
Lh0ε

w
fc(h0q);

where fc(h0q) ) 1 -
4 sin2(h0qz/2)

h0
2qz

2(1 + π2

36
qx

2h0
2)

øc(q, q) )
Lh0

w
fc(h0q)

δφ′(r) )
ε

w[ 2 sin (h0qz/2)

h0qz(1 + π2

36
qx

2h0
2)

cos(xqx + h0qz/2) - cos qr] (11)

∆Fc ) - 1
2∫ε′(r)δφ′(r) dx dz )

ε
2Lh0

4w
fc(h0q) (12)

F ) Fel + Fosm + Fgr

Fgr ) a2

4 ∫0

L
dx ∫0

h(x)
dz

(∇φ(x, z))2

φ(x, z)
(13)

δΦ(x) ) ∫0

N
δΦ(x, n) dn ) π2

36
u′′(x)

w
h0

3

∫0

h0δφ(x, z) dz )
h0

w
[u(x) - E(x)]

- π2

36
h0

2u′′(x) + u(x) ) E(x)

u(x) )
iε(1 - eiqzh0)

h0qz(1 + π2

36
qx

2h0
2)

eiqxx

δφ(r) ) 1
w

[u(x) - ε(r)] ) ε

w[ i(1 - eiqzh0)

h0qz(1 + π2

36
qx

2h0
2)

eiqxx -

eiqr] (9)

〈δφ(q)δφ(-q)〉 ) Tøc(q, q)

δφ(k) ) -∫øc(k, k′)ε(k′) dk′
(2π)2

(10)

ε(k′) ) ε∫eir(q-k′) dr ) ε(2π)2δ(q - k′)

δφ(q) ) -εøc(q, q)

3476 Likhtman et al. Macromolecules, Vol. 32, No. 10, 1999



∼ Nxê/R is the number of monomers in the layer of
thickness ê. Thus ê ∼ N2/3a4/3h0

-1/3.
Hence, the monomer concentration profile is smeared

out in the ê-layer near the classical free surface, leading
to an effective cut-off of the logarithmic singularity in
eq 13 at z = h - ê; i.e., the upper limit limit in the
integral over z in eq 13 must be changed to h(x) - ê.
The function h(x) can be found from the condition φ[x,
h(x)] ) 0; i.e., φ0[h(x)] + δφ[x, h(x)] ) (B/w)[h0

2 - h2(x)]
+ δφ[x, h(x)] ) 0. The solution to the last equation can
be represented as a series expansion:

Let us assume that

where δφtot is the density deviation induced by the
external field ε(r), including the gradient term effect,
and δφ is the induced density fluctuation calculated in
the previous section (i.e., neglecting the gradient en-
ergy); R is a coefficient. The total susceptibility is thus
proportional to the susceptibility without the gradient
energy:

To determine R, let us calculate the gradient free
energy for the density fluctuation defined in eq 11:

The total free energy change, ∆F, associated with the
induced density fluctuation δφtot can be calculated using
two different approaches. On the one hand, using eqs
12 and 14, we get

On the other hand, ∆F is the sum of the gradient and
the conformation/osmotic free energy increments due to
the total density fluctuation δφtot ) Rδφ. Because ∆F is
a quadratic form in δφ, we get

where ∆Fc and ∆Fgr are defined in eqs 12 and 16. Thus

using eqs 15, 17, and 18 we obtain

where

3. Comparison with Experiment
The thermal fluctuations of the segment density

profile of a polymer brush formed by end-attached
polystyrene chains exposed to a good solvent have been
recently probed by dynamic light scattering in an
evanescent wave configuration.16 The polymer sample
was asymmetric poly(ethylene oxide-b-styrene) (PEO-
PS) copolymer, with the short PEO blocks strongly
adsorbed by the glass prism.

In this setup, the evanescent light wave, produced
under total reflection conditions, was utilized as an
incident beam in the scattering experiment, and the
time correlation functions C(q, t) of the concentration
fluctuations with wave vector q were measured using
photon correlation spectroscopy. A set of terminally
attached layers with thickness (h0) varied from 45 to
130 nm were studied. It was found that the static
scattering intensity attains a maximum at q ∼ O(h0

-1).
The penetration depth of the evanescent wave was much
larger than the brush height, indicating that fluctua-
tions of the integrated concentration over the brush
height were probed.

Below, we consider the scattering function S(q), which
was measured directly in the experiments16 and which
is related to the density fluctuations: S(q) ) ø(q, q).
Thus with eq 19, we predict S(q) as a function of the
two components of the scattering vector, qx and qz, and
one additional dimensionless parameter â, which gov-
erns the contribution of the gradient term (â ) 0 means
that this term is neglected). The 3-D plot of S(q) for
different â is shown in Figure 2. The scattering intensity
decreases as the â parameter is increased because the
gradient free energy tends to suppress fluctuations. It
is clear from the figure that the effect is significant for
large q, i.e. for short wavelength fluctuations. However
for experimental values qh0 < 5 and â < 10-4, the effect
of the gradient term is almost negligible. The position
of the maximum intensity shifts to lower qx as â is
increased.

In the evanescent-wave experiment,16 the scattering
measurements were carried out for a particular trajec-
tory in the q-space:

where θ is the scattering angle and k is the wave vector
of the evanescent wave utilized as the incident beam in
the scattering experiment. The scattering function S(θ)
is determined by the intersection of the surface S(q) and
the cylinder, eq 20, which is depicted in Figure 3 for
different kh0. Note that the maximum here is deter-
mined not by the gradient term but rather by the
particular trajectory, eq 20, in the q-space.

The resulting curves for different kh0 corresponding
to the cylinders depicted in Figure 2 are shown in Figure
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4a. One can see that S(θ) is approximately constant for
θ > 120° for kh0 ≈ 2.5 (this value of kh0 was encountered
in the experiments, see Table 1); a very weak maximum
is predicted at large angles for kh0 > 2.5. This maximum
shifts to lower angles as kh0 increases further. For kh0

J 6, the dependence of S(θ) shows a second maximum
and a minimum. The position of the minimum tends to
θ ≈ 90° for large kh0. The experimental data are shown
in Figure 4b-d together with the theoretical plots for
the values of kh0 and â parameters listed in Table 1.

Figure 2. S(q) for different values of the “gradient energy” parameter: â ) 0, 6 × 10-5, 10-4, and 3 × 10-4 (from top to bottom).

Figure 3. Scattering function S(q) for a typical value, â ) 6 × 10-5. The cylinders show the experimental q-trajectories for kh0
) 2.5, 5, 10, and 20 (from small to large).
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One can see that the agreement is rather good for
short brushes, and it is poor for the longest brush. The
main difference in the latter case is that the experi-
mental S(q) (see Figure 4d) increases first very slowly
and than rapidly for large angles, whereas the theoreti-
cal scattering function is a quadratic function of qx and
qz for small angles.

The limiting dependence of S(q) for low wave vectors
was also discussed in Fytas et al.16 Using eqs 19 and
20 above, the low-q behavior of S(q) (where q ) 2k0 sin
θ/2 ≈ k0θ) is predicted as

Here Lh0 is the brush volume (per unit length in
y-direction), which is proportional to the total adsorbed
amount Γ. It is, therefore, predicted that the scattering
intensity at low wave vectors is proportional to both the
adsorbed amount and (qh0)2, which is in agreement with
the experimental data.16

4. Concluding Remarks
The excess free energy of a small sinusoidal deforma-

tion of a “parabolic” polymer brush exposed to a mar-
ginal solvent is calculated in this paper. Two main
contributions to the free energy, due to chain stretching

and the inhomogeneous monomer distribution (the
square-gradient term), are taken into account in the
theory. The deformation energy is related to the scat-
tering function defining the relative intensity of laser
light scattered by the brush. We show that the scatter-
ing function depends on both components of the scat-
tering wave vector: parallel to the grafting plane (qx)
and perpendicular (qz). The scattering function attains
a maximum at some qm and it is small in the regimes
of low and high q’s. In the case qz ) 0 (scattering vector
parallel to the brush) the maximum is controlled by the
gradient term in the deformation energy, qm ∼ 1/R,
where R is the unperturbed (Gaussian) size of grafted
chains. However the evanescent-wave experimental
setup implies that the scattering vector is tilted with
respect to the grafting surface, so that qz first increases
and then decreases as qx is increased. In this situation
the scattering maximum is determined mainly by qz
variation rather than by the gradient energy, giving rise
to a smaller qm ∼ k ∼ 1/h0 (where h0 is the brush
thickness and k is the wave vector of the incident beam).

The theoretical results have been compared with the
scattering data first assuming that the evanescent-wave
penetration depth, êew, is infinite.We have also calcu-
lated the scattering intensities for an arbitrary êew. The
results show that the êew-effect is not important for the
experimentally relevant values of êew ≈ 0.4 ÷ 1 µm.

The calculated dependencies of the scattering inten-
sity on the scattering angle are in qualitative agreement
with experimental data for all brushes except the
thickest one. On the other hand, the disagreement
between the theory and the data for the thickest brush
is considerable, and we believe that it cannot be ac-
counted for by lifting the model assumptions of marginal

Figure 4. Scattering intensity as a function of the scattering angle, S(θ). (a) Theoretical predictions corresponding to the
intersections between cylinders and surfaces in Figure 3. (b-d) Calculated and experimental scattering intensities for the three
different brushes listed in the Table 1.

Table 1. Main Characteristics of Experimental Samples
and the Values of kh0 and â Parameters

sample N h0 (nm) σ (1/nm2) kh0 â(×10-5) Γ (mg m-2)

PEO-PS/80 730 45 0.020 0.87 9.8 2.9 ( 0.5
PEO-PS/184 1700 80 0.0083 1.5 6.4 2.6 ( 0.4
PEO-PS/500 4790 130 0.0019 2.5 5.8 1.7 ( 0.3

lim
θf0

S(q) )
Lh0

12w
(qh0)

2

1 + 105â
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solvent conditions and of a monodisperse brush (in fact,
the degree of polydispersity of grafted chains is not
large, Mw/Mn ≈ 1.1). It is possible that this discrepancy
is due to the fact that the experimentally measured
intensity does not correspond to the total static scat-
tering, but rather, it includes contributions from a finite
frequency range. It is possible that for the thickest brush
one of the relaxation processes shifts outside this range
so that it is no longer captured at low q’s. However, at
present, we do not have any evidence as to the origin of
this process, so that the nature of the discrepancy
remains an open issue.
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